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1
,
, Euclid [KRK88], [NG94],
[Wei87], Noether [Tri78, AL94], [Sti87]
, ,
. $K$ $\overline{X}$ ,







$K$ $L$ $K$ $X=\{X_{1}, \ldots, X_{n}\},$ $4=$
$\{A_{1}, \ldots, A_{m}\}$ $\cap\lambda=\emptyset$ PP(X), PP$(\overline{A})$ , $pp(\overline{A},\overline{X})$ $\overline{X}$ (power product)
, , $\overline{X}\cup\lambda$ $N$ ($0$ ), $\mathbb{Q}$ , $\mathbb{C}$
$K[\overline{A}][\overline{X}|:=(K[\overline{A}])[\overline{X}]$ $K[\lambda]$ , $f$
$0$ $K[J,\overline{X}]$ $($ $K[d4][\overline{X}])$ Pp$(\overline{A},\overline{X})$ ( pp$(\overline{X})$ ) $\succ$
( , $f$ $K[B][\overline{X}]$ $K[B,\overline{X}]$
) $f$ lpp$(f)$ $($ $1pp_{X}(f))$ (leading power product), lc$(f)$ $($ $lcx(f))$
(lea $ng$ coefficient), lm$(f);=$ lc $(f)$ lm$(f)$ ( lmx $(f)$ ) (leading monomial)
$\ovalbox{\tt\small REJECT} jp$
1652 2009 1-10 1
$f$ Mono$(f)$ $($ $Mono_{X}(f))$ , lPp $(f)=A_{1}^{\alpha_{1}}\cdots A_{m^{m}}^{\alpha}X_{1}^{\beta_{1}}\cdots X_{n^{n}}^{\beta}\in$
pp $(\overline{A},\overline{X})$ $\deg_{\{\lambda,X\}}(f):=(\alpha_{1}, \ldots, \alpha_{m}, \beta_{1}, \ldots,\beta_{n})\in \mathbb{N}^{m+n},$ $\deg_{X_{1}}(f)$ $:=\beta_{1}\in N$
$F$ $K[\overline{A},\overline{X}]$ $($ $K[\overline{A}][\overline{X}])$ , lc$(F):=\{1c(f):f\in F\}$ (
$1cx(F):=\{1c_{X}(f):f\in F\}),$ lPP(f): $=$ $\{1pp(f):f\in F\}$ $($ $1pp_{X}(F):=\{1pp_{X}(f):f\in F\})$
1
$a,b,x,y$ , $f=2ax^{2}y+bx^{2}y+3x+by+1$ $f$ $\mathbb{Q}[x,y, a,b]$ ,
$x\succ y\succ a\succ y$ $lpp(f)=ax^{2}y$ , lc$(f)=2$ , lm$(f)=2ax^{2}y$ , Mono$(f)=$
$\{2ax^{2}y, bx^{2}y, 3x, by, 1\}$ , $f$ $\mathbb{Q}[a, b][x,y]$ , $x\succ y$ ,
lpp$\{x,y\}(f)=x^{2}y$ , lc$\{x,y\}(f)=2a+b$, lm$\{x,y\}(f)=(2a+b)x^{2}y$ , Mono$\{x,y\}(f)=\{(2a+b)x^{2}y,3x$ , by, $1\}_{\text{ }}$
V (angle brackets) $\langle\cdot\rangle$ $f_{i},$ $\ldots$ , fi $\in K[$ $]$ ,
$V(fi, \ldots, fi)\subset L^{m}$ $fi,$ $\ldots,$ $f\iota$ , $V(f1, \ldots, f_{k})=\{\overline{a}\in$





pp$(\lambda)$ $\succ 1$ , pp $(\lambda)$ $\succ 2$ , $t_{1},$ $s_{1}\in$ pp$(\overline{A}),$ $t_{2},$ $s_{2}\in$ PP $(\overline{X})$ ,
PP$(\lambda,\overline{X})$ $\succ X,A$
$t_{1}t_{2}\succ x,x^{s_{1}s_{2}}\Leftrightarrow t_{2}\succ s$ or $(t_{2}=s_{2}$ , and $t_{1}\succ s)$




, $ $K[\lambda][\overline{X}]$ [IP98,
AL94, M\"o188]
2( [AL94])
2 $f,$ $h$ $F= \{f1, \ldots, f_{s}\}\subset K[\sum][\overline{X}]$ , $f$ $F$
$h$ (reducetion) , $1c_{R}(f)=c_{1}1c_{X}(f1)+\cdots+c_{\iota}1c_{X}(f_{\ell})$ $c_{1},$ $\ldots,c_{s}\in K[B]$
$1pp_{X}(f)=D:1pp_{R}(f_{i})$ $D_{1},$ $\ldots$ ,D , $h=f-(c_{1}D_{1}f\iota+\cdots+c_{\epsilon}D_{\iota}f_{s})$
3($S$- [AL94, IP98])
$G$ $K[\lambda][\overline{X}]$ , $I$ $G$ $K[\lrcorner 4][\overline{X}]$ , $E\subseteq G$ , $S_{E}:=$
$\{(c_{e})_{e\in E}|\sum_{\epsilon\in E}c_{e}1c_{\overline{X}}(e)=0\}$ , $s=(c_{\epsilon})_{e\epsilon E}\in S_{E}$ ,
$S$polyl $(E, s)= \sum_{\epsilon\in E}c_{\epsilon}X^{\max(E)-d\circ lR(e)}e$ $s$ S- (S-polynomial) ,
$\max(E):=$ ($\max_{e\in E}$ degx $(e)_{1},$ $\ldots$ ,ma $\in$E $\deg X(e)_{n}$ ) $\in \mathbb{N}^{n}$ , $




pp(X) $\succ$ , $I\subseteq K[B][\overline{X}]$ $G=\{g_{1}, \ldots, g_{s}\}$
$\langle 1m_{X}(g_{1}),$ $\ldots,1mx(g_{s})\rangle=\langle 1m_{X}(I)\rangle$ $G$ $\succ$ $I$ (Gr\"obner basis)
:
$i\in \mathbb{N}^{n}$ , lc $(i, I);=\langle lcx(f)|f\in I,$ $\deg_{X}(f)=i\rangle$ , $i\in N^{n}$ ,
lc $(i,I)\subseteq K[\overline{A}]$ $\{1cx(g)|g\in G,$ $i\in degx(g)+\mathbb{N}^{n}\}$ $G$ $I$ ( $\succ$ )
$K[ \sum][\overline{X}]$ ,
, [IP98, AL94]
$)$ 1 FirstGB$(F, \succ)$
Input: $F:K[fl][\overline{X}]$ , $\succ$ : $pp(\overline{X})$ ,




$\mathbb{Q}[a][x]$ $f1=a^{2}x-a$ $f_{2}=(a^{3}-a)x-a^{2}+1$ 2
, $ $f_{1}arrow^{f2}r1fi,$ $f_{2}arrow^{f1}\prime if_{2},$ $S$ Spoly$1(f_{1}, f_{2})=0$
$\{fi, f_{2}\}$ , $\langle f1,$ $f_{2}\rangle$
o
$f_{S}=a\cdot fi-f_{2}=ax-1$
$f_{3}$ $fi$ , $\{f_{\theta}\}$ $\langle f_{1},$ $f_{2}\rangle$ , $\{f_{3}\}$ $\{f1, f_{2}\}$
. $\{f_{3}\}$ FirstGB
3.2 2 ( )
, Fi $rstGB$ , $K[\lambda][X]$
$K[X,\overline{X}]$ , $K[ \sum,\overline{X}]$
, $\overline{X}$ $K[ \sum][\overline{X}]$
, $K[B,\overline{X}]$ $ Spolyl Reducel
$53^{1}J$ Spoly2 Reduce2 , $f,g\in K[B,\overline{X}]$
Spoly2$(f,g)= \frac{1cm(1pp(f),1pp(g))}{1m(f)}f-\frac{1cm(1pp(f),1pp(g))}{1m(g)}g$ , $f=a\alpha+f1,$ $g=b\alpha\beta+g_{1}$
lm$(f)=a \alpha\in K[\sum,\overline{X}],$ $a,b\in K,$ $\alpha,\beta\in$ PP $(\overline{A},\overline{X})$ $fi,g_{1}\in K[\lambda,\overline{X}]$ , , $\ovalbox{\tt\small REJECT}_{9}arrow^{f}r2$”
$garrow^{f}r2b\alpha\beta+g_{1}-ba^{arrow 1}\beta(a\alpha+fi)$
$b\alpha\beta$ $g$ ,
$F$ $arrow^{F}r2$ $[BW93, Win96]$
2 SecondGB$(F, \succ)$ (Gr\"obner basis with Block)
Input: $F:K[f][X]$ , $\succ$ : $pp(X)$ ,
Output $G:\succ$ $\langle F)$
3
1. $F$ $K[\lambda,\overline{X}|$
2. $\succ x,\lambda^{;=(\succ,\succ)}1$ $\langle F\rangle$ $G$ $K[\lambda.’\overline{X}]$
1 PP $(\vec{A})$
3. $G$ $K[\overline{A}][\vec{X}]$ , $G$ $K[\overline{A}][\overline{X}]$ $\succ$ $\langle F\rangle$
V $a$ $ Spolyl Reducel ,
FirstGB ,
2
$\mathbb{Q}[a,b][x,y,z]$ $F=\{fi=ax+1, f_{2}=(b+1)y, f_{3}=az+bz+z\}$ , $\succ$
pp$(x,y, z)$ $x\succ y\succ z$ SecondGB $F$ $\mathbb{Q}[a, b,x,y, z]$
, $\succ\{x,y,z\},\{a_{i}b\}=(\succ, \succ glex)$ $\mathbb{Q}[a, b,x,y, z]$
, $\succ gl\epsilon x$ $a\succ\iota b$ , $\mathbb{Q}[a,b,x, y,z]$
$\succ\{x,y,z\},\{a,b\}$ $\langle F\rangle$
$G=\{g_{1}=(a+b+1)z,g_{2}=(b+1)y,g_{3}=yz,g_{4}=ax+1,g_{6}=(b+1)xz-z\}$
$G$ $\mathbb{Q}[a,b,x,y, z]$ $\succ\{x,y,z\},\{a,b\}$ $g\in G$ $G\backslash \{g\}$
, $gs$ $\mathbb{Q}[a,b][x,y,z]$ $1m_{\{x,y,z\}}(g\epsilon)\in\langle 1m_{\{x,y,z\}}(G\backslash \{g_{5}\})\rangle$
, $g_{6}$ $\mathbb{Q}[a, b][x,y, z]$
$gs=x\cdot g_{1}-z\cdot g_{4}$
, $g_{5}$ $\mathbb{Q}[a,b][x,y, z]$ , $g\iota$ $g_{4}$ $g_{6}$





$\succ X_{4}I:=(\succ x, \succ x)$ , $I$ $K[\lambda][\overline{X}]$ , $\succ x$ $\succ_{p}I$
$I$ , $I$ $\succ x$ $K[B][X]$ , $p\in G$
1. $K[\overline{A},\overline{X}]$ $\succ X,\lambda$ , Mono$\mathfrak{c}_{P)}$ $\langle 1m(G\backslash \{p\})\rangle$
2. $K[\lambda|[\overline{X}]$ $\succ$ . Monox $(p)$ $\langle 1mx(G\backslash \{p\})\rangle$
3. $\succ X,A$ lc$(p)=1$
?
$K[\lambda][X]$ $K[\lambda, X]$ $K[d4, X]$ ,
2 Reducel Reduce2, 2 $S$- Spolyl Spoly2
4
, 1 $\{fi=ax^{2}-a, f_{2}=(a^{3}-a)x-a^{2}+1\}$ ,
Reduce2 Spoly2 , ax–l
$f_{2}arrow^{f_{1}}r2$ ax–l $Sp\circ ly2(fi, f_{2})=ax-1$
, {ax--l}
2 , $G=\{g_{1},g_{2},g_{3},g_{4},g_{5}\}$ 2 $G$
Reducel , lpp$\{x,y,z\}(g_{1})$ lpp$\{x,y,z\}(g_{4})$ lpp$\{x_{1}y,z\}(g_{6})$ ,
lc$\{x,y,z\}(gs)=-$ lc$\{x,y,z\}(g_{1})+$ lc$\{x,y,z\}(94)=-(a+b+1)+a=-b-1$ , $gs^{\{g_{1},ga\}_{r1}}arrow 0$
, $g_{5}$ Roducel
$\{g_{1},g_{2},g_{8},g_{4}\}$
Algorithm 3 WRGB$(F, \succ 1, \succ 2)$ (Weak reduced Grobner bases)
Input $F:K[\overline{A}][\overline{X}]$ , $\succ 1$ :pp(X) ,
$\succ 2$ : pp $(\overline{A})$ , ( $\succ x,x;=(\succ 1,$ $\succ 2)$ : pp $(\overline{A},\overline{X})$ ,)
Output $G:\langle F\rangle$ $\succ_{1}$ $\succ 2$
begin
$Garrow$ FirstGB SecondGB $\langle F\rangle$ .1 $E1arrow 0$
while $E1\neq 1$ do
lf $p\in G$ s.t. $(p\{arrow r1P1)$ or $(p\{arrow r2P1)$ then
lf $p_{1}\neq 0$ then $Garrow\{G\backslash \{p\}\}\cup\{p_{1}\}$ else if $Garrow G\backslash \{p\}$ end-if











i syzy$\mathfrak{B}^{r}$ Spolyl [BW93] “Reducel”




$S$ io-guiar, Risa$/Asir$ , Magma ,
,
, “ ” $K[\overline{X}][\lrcorner 4]$ ?
1 $K[\lambda][\overline{X}]$ ,
5
2$F=\{(ab+1)xy, (ac+1)xy\}$ $\mathbb{Q}[a, b, c][x, y]$ , $\succ\{x,y\},\{a_{t}b,c\}=(\succ\iota_{ex}, \succ\iota$ $x)$ $x\succ\iota_{ex}y$ ,
$a\succ\iota_{\epsilon x}b\succ\iota_{ex^{C}}$ , $\succ\iota_{ex}$ , $\mathbb{Q}[a,b, c][x, y]$
$F$ $\langle F\rangle$ , $\langle F\rangle=\langle(ac+1)xy,$ $(b-c)xy\rangle$
, $\{(ac+1)xy, (b-c)xy\}$ $\langle F\rangle$
,
?




pp $(\lambda)$ , $F$ K[ ] $I$ $K[\lambda]$ $I$
$F$ , $F$ $I$







$I$ $K[\lambda][\overline{X}]$ , $\succ X,\lambda^{;=(\succ\succ)}X,A$ , $G$ $K[\lambda][\overline{X}]$
$e\in 1pp_{X}(G)$ , $G_{c}=\{f|1pp_{X}(f)=e\}$ , $\succ X$ $\succ\lambda$ $I$
$G$ , $K[\lambda][X]$ $I$ $\succ X$ , $p\in G$
1. $K[\overline{A},\overline{X}]$ $\succ X,\lambda$ , Mono(p) $\langle 1m(G\backslash \{p\})\rangle$ $Aa_{\circ}$
2. $K[\lambda][\overline{X}|$ $\succ X$ , $Mon\circ x(p)$ $\langle 1m_{X}(G\backslash \{p\})\rangle$
3. $e\in 1pp_{X}(G)$ , $J_{\epsilon}$ $F=$ $\{1Cx(g)|g\in G\backslash G_{\epsilon}s.t. 1pp_{X}(g)|e\}$
, lcz $(G_{e})$ $K[\overline{A}]/J_{e}$ $\succ\lambda$
$($ $F=\emptyset$ , $K[\overline{A}]/J_{\epsilon}=K[\lambda]$ $)$
1 ,
FirstGB $G=\{f1=a^{2}x-a, f_{2}=(a^{3}-a)x-a^{2}+1\}$ , $G$ 8
3 $1pp_{\{x\}}(G)=\{x\}$ , $G_{x}:=\{f1, f_{2}\}$ $1c_{t^{x\}}}(G_{x}):=\{a^{2}, a^{3}-a\}$
, $K[\overline{A}]$ $\langle lcx(G_{x})\rangle$ $\{a\}$ $G$
, ( $a\rangle=(1c_{\{ae\}}(G_{\varpi})\rangle$ , $a$
$a=c_{1}$ lc$t^{g}\}(fi)+c_{2}$ lc$\{x\}(f_{2})$ , $c_{1},$ $c_{2}\in \mathbb{Q}[a]$ , , $c_{1}=a,c_{2}=-1$
6
, 9 $\langle g\rangle=\langle G\rangle,$ $\langle 1m_{\{ae\}}(g)\rangle=\langle$lm$\{x\}(G)\rangle$ , $\{$ lc$\{x\}(g)\}$ $\langle 1c_{\{x\}}(G_{x})\rangle$
ie $g=$ cl $fi+c_{2}f_{2}=a$fi–f2 $=ax-1$
, $g$
$K[\overline{A}][\overline{X}]$
Algorithm 4 SRGB$(F, \succ 1, \succ 2)$ (Strong reduced Gr\"obner bases)
Input $F:K[B][\overline{X}]$ , $\succ 1$ :pp$(\vec{X})$ ,
$\succ 2$ : pp $(\lambda)$ , $(\succ X,\lambda:=(\succ 1,$ $\succ 2)$ : , $)$
Output $L$ : $\succ\iota,$ $\succ 2$ $\langle F\rangle$
begin
$Garrow(F\rangle$ ; $Barrow 1pp_{X}(G);Larrow\emptyset$
while $B\neq\emptyset$ do $\succ 1$ $B$ $p$ ; $Barrow B\backslash \{p\}$
$G_{p}arrow\{f\in F|1pp_{X}(f)=p\};Garrow G\backslash G_{p};J_{p}arrow\{1c$ $(f)|f\in G s.t 1pp_{X}(f)|p\}$
if $K[\overline{A}]/\langle J_{p}\rangle$ $1c_{X}(G_{p})$ $\succ 2$ “ ”then
$Qarrow\langle Q\rangle=\langle G_{p}\rangle,$ $\langle 1m_{X}(Q)\rangle=\langle 1mx(G_{p})\rangle$ , $K[\lambda]/\langle J_{p}\rangle$ $1_{C}x(Q)$ $\succ 2$ $\langle lcx(G_{p})\rangle$
$Q$







while $Q\neq\emptyset$ do $Q$ $q$ ; $Qarrow Q\backslash \{q\};q\iotaarrow(qarrow^{L}r1$ $rr2)$














FirstGB, SecondGB, WRGB(SecondG $B$ ) $K=\mathbb{Q}$
Risa $/Asir$ , 2 PC[CPU:PentiumMl73
GHZ, OS: Windows XP]
7
3$a,b,x,y,$ $z$ $F=\{bxz+ay+a,y+by+3,ay^{2}z+bz+b, ay+a\}\subset \mathbb{Q}[a,b][x,y, z]$







$[(b-2)*a,$ $(a+b)*z+b,$ $(arrow b^{\wedge}2+2*b)*z-b^{-}2+2*b$ . $(b+1)*y+3.a*y+a.b*x$ ,





$($ cputime: 0. $01563\sec)$
5 FirstGB ,
4
$a,b,x,y,z$ $F=\{ax^{2_{Z}}+ay+a,axz+b, (a+1)xz+ab\}\subset \mathbb{Q}[a,b][x,y,z]$
$x\succ y\succ z$ $\mathbb{Q}[a, b][x,y, z]$ $\langle F\rangle$ 3 FirstGB,
SecondGB, WRGB
l. FirstGB
$[b*a^{\wedge}2-b*a-b,-b*x+a*y+a,$ $(a+1)*z*x+b*a.a*z*x+b$ . $a*z*y+a*z+b^{\wedge}2*a-b\cdot 2$ ,
$(-a^{-}3+a^{\wedge}2+a)*y-a^{\wedge}3+a^{rightarrow}2+a]$
$($ cputime: 0. $04688\sec)$
6
2. Seco$ndGB$
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